This paper proposes a set-based approach for robust fault estimation of discrete-time descriptor systems. The considered descriptor systems are subject to unknown-but-bounded uncertainties (state disturbances and measurement noise) in predefined zonotopes and additive actuator faults. The zonotopic fault estimation filter for descriptor systems is built based on fault detectability indices and matrix to estimate fault magnitude in a deterministic set. The zonotopic fault estimation filter gain is designed in a parameterized form. Within a set-based framework, following the zonotopic Kalman filter, the optimal filter gain is computed by minimizing the size of the corresponding zonotopes to achieve robustness against uncertainties and the identification of occurred actuator faults. Besides, boundedness of the proposed zonotopic fault estimation is analyzed, which proves that the size of obtained fault estimation bounds is not growing in time. Finally, the simulation results with two application examples are provided to show the effectiveness of the proposed approach.
INTRODUCTION
Fault estimation, as a significant stage of fault diagnosis, aims to estimate the magnitude of occurred faults in a system. The problem of fault estimation has been studied using a large amount of approaches during the past decades, see, eg, the works of Blanke et al, 1 Ding, 2 and Varga. 3 A suitable fault estimation with robust performance against system uncertainties is very useful for implementing an active fault-tolerant control system. [4] [5] [6] Based on the robust control techniques, robust fault estimations are implemented in a variety of systems as, eg, the works of Zhang et al, 7 Wang et al, 8 and Rotondo et al 9 where the effects of uncertainties are bounded, and as a result, fault estimation results are obtained with the minimum estimation error. The model-based fault diagnosis for physical systems relies on making use of the mathematical model to describe the system dynamics by means of differential or difference equations. In terms of large-scale complex systems, such as cyberphysical systems and critical infrastructures, additionally to system dynamics, system variables are also constrained by static relations, for instance, mass and energy balances. Therefore, these static relations are modeled using algebraic equations. In this case, the systems, including not only differential/difference equations but also algebraic equations, are called descriptor systems (also known as singular, differential-algebraic systems). 10 The descriptor system model can be used in a large amount of applications, such as drinking-water distribution networks, 11, 12 chemical processes, 13 electrical systems, 14, 15 and aircraft. 16 For a critical system, when some components are malfunctioning, in order to maintain the system functioning, a fault-tolerant control strategy with system reconfiguration is required. To limit the performance degradation, a robust fault estimation plays an important role in system design.
In literature, several fault estimation approaches for different types of descriptor systems have been investigated. In the work of Gao et al, 4 a Lyapunov-based robust fault estimation approach is developed for Lipschitz nonlinear descriptor systems. Robust fault estimation approaches for linear descriptor systems can be found in other works. 8, 17, 18 Besides, the fault estimation approaches have also studied for linear parameter-varying systems [19] [20] [21] [22] and switched descriptor systems. 23 Among these approaches, the estimated fault results are obtained as punctual values. Alternatively, set-based approaches have been established for state estimation 24, 25 and for fault diagnosis and fault-tolerant control. 26 Considering system uncertainties bounded in a predefined set, the uncertain variables are propagated by operating these sets. Regarding the application to robust fault estimation, under the set-based framework, fault estimation results are characterized in a deterministic set. The robustness against uncertainties can be achieved by shrinking the size of these sets. A preliminary result of the zonotopic fault estimation filter for descriptor systems was reported in the work of Wang et al. 27 The filter design is based on the combination of the filter design and the zonotopic set-membership approach. However, the structure of a zonotopic fault estimation filter is not explicitly formulated within a set-based framework in the work of Wang et al. 27 In this paper, we systematically propose a structure of zonotopic fault estimation filter for discrete-time descriptor systems. In the faulty-free case, the guaranteed zonotope can be used for overbounding uncertain states. Therefore, this state bounding zonotope is used in the construction of the fault estimation zonotope. Besides, we analyze the boundedness of the generated zonotopic bounds of fault estimation.
The main contribution of this paper is to propose a robust fault estimation based on zonotopic Kalman filter for discrete-time descriptor systems subject to unknown-but-bounded uncertainties and additive actuator faults. The fault estimation results provide not only a punctual value but also a deterministic set bounding the propagated uncertainties. Following the set-based framework for descriptor systems proposed in the earlier work, 25 we first define the structure of the zonotopic fault estimation filter based on fault detectability indices and matrix proposed in the work of Keller.
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The zonotopic fault estimation filter gain is formulated in a parameterized form. Within a set-based framework, the optimal filter gain is designed to obtain a zonotopic fault estimation with the smallest size compatible with the uncertainty bounds. Furthermore, we discuss the boundedness of the propagated zonotopic fault estimation. Finally, we apply the proposed robust fault estimation approach to a numerical example and a power system of a machine infinite bus to show its effectiveness.
The remainder of this paper is structured as follows. The problem statement is formulated in Section 2. Some preliminary results including definitions and properties that will be used in this paper are addressed in Section 3. The main results including the structure of zonotopic fault estimation filter, the design of optimal filter gain, the analysis of boundedness of zonotopic fault estimation are presented in Section 4. Simulation results obtained with two application examples are provided to show the effectiveness of the proposed approach in Section 5. Finally, some conclusions are drawn in Section 6.
Notation. We use I r to denote an identity matrix with dimension r. Note that the dimension of I may be dropped when it can be implied in the context. For a matrix X, we use tr(X), rank(X), and X ⊤ to denote the trace, the rank, and the transpose of X and we also use X † to denote the Moore-Penrose pseudo-inverse matrix of X. If X is positive definite, we denote it as X ≻ 0. Given a weighting matrix W = W ⊤ ≻ 0, the weighted Frobenius norm of X is denoted by ‖X‖ F,W = √ tr(X ⊤ WX), and ‖X‖ F , obtained with W = I, denotes the nonweighted Frobenius norm. For a vector z, ‖z‖ 2 denotes the two-norm of z. Besides, we denote the Minkowski sum and the linear image as ⊕ and ⊙.
PROBLEM STATEMENT
Consider the discrete-time descriptor linear time-invariant system with additive actuator faults as follows:
where x ∈ ℝ n and u ∈ ℝ m denote the system state and the known input vectors, w ∈ ℝ m w and v ∈ ℝ m v denote the state disturbance vector and the measurement noise vector, ∈ ℝ p denotes the measurement output vector, and ∈ ℝ q denotes the actuator fault vector. A ∈ ℝ n×n , B ∈ ℝ n×m , C ∈ ℝ p×n , D w ∈ ℝ n×m w , and D v ∈ ℝ p×m v are the system matrices. Besides, F ∈ ℝ n×q denotes the fault distribution matrix describing the directions of the fault vector. For the descriptor system (1), the matrix E ∈ ℝ n×n might be singular, that is, rank(E) ≤ n.
Assume that the disturbance vector w and the noise vector v are unknown but bounded by the centered zonotopes w(k) ∈ ⟨0, I m w ⟩ and v(k) ∈ ⟨0, I m v ⟩, ∀k ∈ ℕ, and the initial state x(0) is constrained in the zonotope x(0) ∈ ⟨c(0), H(0)⟩. Based on the work of Keller, 28 we assume rank(C) = p and rank(F) = q with q ≤ p. Besides, we assume that the descriptor system (1) is R-observable, and matrices E and C satisfy 10 rank
Since that the rank condition (2) holds, there always exist two nonempty matrices T ∈ ℝ n×n and N ∈ ℝ n×p such that
Then, the general solution of T and N satisfying (3) is given by
where S ∈ ℝ n×(n+p) is an arbitrary matrix such that the matrix T is nonsingular.
In this paper, we design a set-based robust fault estimation filter for the discrete-time descriptor system (1) to estimate the actuator fault magnitude f. The fault estimation filter is built in a zonotopic framework considering unknown-but-bounded disturbances and measurement noise. Using this framework, the robustness against uncertainties can be achieved by minimizing the size of the zonotope bounding estimation errors, disturbances, and noise. The fault estimation results are bounded using a zonotopic set.
PRELIMINARY RESULTS
In this section, we introduce some preliminary results including some set definitions and properties that will be used in this paper.
Matrix calculus
Let X, A, B, and C be matrices of appropriate dimensions. The following well-known results will be used in this paper 24 :
Zonotopes
Zonotopes, as a special class of polytopes, are symmetric and its definition and properties are introduced as follows.
24,29
Definition 1. (Zonotope 29 ) A r-order zonotope  ⊂ ℝ n in n-dimensional space is defined with its center c ∈ ℝ n and the segment matrix H ∈ ℝ n×r as
where
r is an r-order hypercube. With the Minskowski sum, the zonotope can be also defined as
Besides, the following properties related to zonotopes hold:
where L is an arbitrary matrix of appropriate dimension. 29 ) Given a zonotope  = ⟨c, H⟩ ⊂ ℝ n , the interval hull rs(H) ∈ ℝ n×n is defined as an aligned minimum box such that the inclusion property holds: ⟨c, H⟩ ⊂ ⟨c, rs(H)⟩, where rs(H) is a diagonal matrix with diagonal elements of
Definition 2. (Interval hull
Definition 3. (F W -radius 24 ) Given a zonotope  = ⟨c, H⟩ ⊂ ℝ n and a symmetric and positive definite matrix W ∈ ℝ n×n , the F W -radius of  is defined using the weighted Frobenius norm of H as ‖H‖ F,W . 24 ) Given a zonotope  = ⟨c, H⟩ ⊂ ℝ n , the covariation of  is defined by P = HH ⊤ .
Definition 4. (Covariation
For a zonotope  = ⟨c, H⟩ ⊂ ℝ n , the weighted reduction operator proposed in the work of Combastel 24 is denoted as ↓ ,W (H), where specifies the maximum number of columns of H and W ∈ ℝ n×n , W = W ⊤ ≻ 0 is a weighting matrix.
The inclusion property also holds:
The operator ↓ ,W (H) can be obtained by the following procedure.
• Sort the columns of segment matrix H on decreasing order:
, where ‖ ‖ h ‖ ‖W is the weighted two-norm of h j .
• Take the first -columns of ↓ W (H) and enclose a set H < generated by rest columns into a smallest box (interval hull) as follows:
Fault detectability indices and matrix
Denote the fault distribution matrix
We recall definitions of fault detectability indices and matrix first introduced in the works of Keller 28 and Liu and Si 30 and extended for descriptor systems with a nonsingular matrix T in the work of Wang et al 8 as follows.
Definition 5. (Fault detectability indices 8 ) The discrete-time descriptor system (1) is said to have fault detectability indices
and s = max
} denotes the maximum of fault detectability indices.
Definition 6. (Fault detectability matrix 8 ) With the fault detectability indices of the descriptor system (1) defined as
Remark 1. According to the work of Wang et al, 8 because the chosen matrix T is nonsingular, the condition rank (Υ) = q holds.
In this section, we propose a zonotopic fault estimation filter for the descriptor system (1). By means of fault detectability indices and matrix, we analyze and construct the fault estimation zonotope to estimate occurred actuator faults. Therefore, the optimal fault estimation filter gain is computed. Besides, we discuss boundedness of zonotopic fault estimation.
Zonotopic fault estimation filter
When the condition (2) is fulfilled, there exist matrices T and N satisfying (3). We consider a state estimation filter for the discrete-time descriptor system (1) as
wherex ∈ ℝ n denotes the estimated state vector and z ∈ ℝ n denotes the filter state vector. Let us define the state estimation error e(k) = x(k) −x(k) and the output estimation error (k) = (k) − Cx(k). Then, the error dynamics of e and can be written as follows:
In order to analyze the effects of uncertainties and faults, we split e and into two parts: e = e f + e w and = f + w , where e f and f are the errors only affected by actuator faults (w(k) = 0 and v(k) = 0, ∀k ∈ ℕ), and e w and w are the errors only affected by disturbances and noise (
and
with the following initial conditions e f (k) = 0 and e w (0) = e(0). Therefore, we know
We now analyze the effects of occurred actuator faults and uncertainties in the estimation errors using the fault detectability indices and matrix in Definitions 5 and 6 in the following theorem.
Theorem 1. (Fault estimation condition) Consider the descriptor system (1). If there exists the filter gain G(k)
then the effect of the faults on (k) can be expressed as
Proof. By merging (11), we can derive from the time instant k = 0 to k that
(TA − G C). According to theorem 1 in the work of Wang et al, 8 we obtain
Substituting (16) into (15)yields
, we obtain (14) .
From Theorem 1, we can see that the effects of faults and uncertainties can be separated in (14) . Therefore, we define the zonotopic fault estimation filter for the descriptor system (1) in the following theorem.
Theorem 2. (Zonotopic fault estimation filter for descriptor systems)
Given the descriptor system (1) with w(k) ∈ ⟨0, I m w ⟩ and v(k) ∈ ⟨0, I m v ⟩, ∀k ∈ ℕ, matrices T ∈ ℝ n×n , N ∈ ℝ n×p satisfying (3) . Consider the state bounding zonotope
If there exist matrices G(k − 1) ∈ ℝ n×p satisfying (13) and M ∈ ℝ q×p satisfying
then the actuator faults is bounded bŷ
Proof. From the analysis of effects of occurred actuator faults and uncertainties in (14), we can build state bounding zonotope and fault estimation zonotope in the following.
(State bounding zonotope) With a filter gain G(k − 1), from (10), we can derivê 
By using the properties in (6), we obtain c(k) and H(k) in (18) .
By definition, we also have the output estimation error (k) = y(k) − Cc(k). On the other hand, by premultiplying M ∈ ℝ q×p on both sides of (14), we obtain
Taking into account M satisfying (19), we know MC Ψ = I. Therefore, from (21), we obtain̂(
Recall
Again, by using the properties in (6), we obtain c f (k) and H f (k) as in (20).
Optimal fault estimation filter gain
We now present the results of optimal fault estimation filter gain. For designing the filter gain for fault estimation, the following criteria are taken into account:
• G(k), ∀k ∈ ℕ, satisfies the algebraic condition (13);
• G(k), ∀k ∈ ℕ, minimizes the estimation error e w (k + 1), which reduces the size of the zonotope ⟨c(k + 1), H(k + 1)⟩.
Inspired by the zonotopic Kalman filter proposed in theorem 5 in the work of Combastel, 24 the size of a zonotope can be measured by the F W -radius (see Definition 3). From (18b), we can also obtain H(k + 1). The objective of the zonotope minimization can be defined by J = tr(WP(k + 1)) with a weighting matrix W = W ⊤ ≻ 0 and the covariation 
where (23) , which is computed through the following procedure:
×p is an arbitrary matrix guaranteeing that Ω has full-row rank andḠ(k) ∈ ℝ n×(p−q) . Besides,Ḡ(k)
Proof. From M = Υ † and rank(Υ) = q, we have MΥ = I q . Since rank(Υ) = q, we can obtain a matrix Ω ∈ ℝ (p−q)×p such that ΩΥ = 0. Therefore, with G(k) defined in (24), we derive
Since MΥ = I q and ΩΥ = 0, the above equation leads to T AΨ − T AΨMΥ −Ḡ(k)ΩΥ = 0. Thus, (13) is satisfied with G(k) parameterized as in (24) . Then, the problem is converted to findḠ(k) minimizing J = tr(WP(k + 1)). By definition, J is convex with respect toḠ(k). Thus,Ḡ * (k) is a value ofḠ(k) such that
SetL(k) andS(k) as in (27) and (28) . Evaluating
By means of the matrix calculus in (5), (29) can be simplified as
BecauseS(k) is also a symmetric matrix, we thus obtainḠ(k) as in (26) .
From the proof of Theorem 3, we can see the independence ofḠ * (k) with respect to the weighting matrix W. Thus, W can be set as a free matrix, for instance, W = I n . Besides, time-varying weighting matrix W(k) will be used for proving boundedness of the proposed zonotopic fault estimation for descriptor systems in the next section.
Remark 3. For the proposed zonotopic fault estimation filter in Theorem 2, G that satisfies the condition (TA − GC) Ψ = 0 is a stabilizing filter gain if there exist matrices W ∈ ℝ n×n with W = W ⊤ ≻ 0, and Y
then the solutions give G = ΦM − W −1 YΩ. Note that the condition (30) can be found by the Lyapunov stability condition and the parameterized filter gain as in (24) .
With the zonotopic fault estimation filter defined in Theorem 2 and the optimal filter gain in Theorem 3, we summarize the fault estimation algorithm in Algorithm 1.
Boundedness of zonotopic fault estimation
In this section, we prove the boundedness of zonotopic fault estimation filter by implementing Theorem 2 with the optimal filter gain obtained using Theorem 3. First, we introduce an auxiliary result that will be used for the proof of boundedness. 
Proposition 1. Given the descriptor system Ex(k + 1) = Ax(k) with a measurement output y(k) = Cx(k), matrices T and N satisfying (3), and ∈ (0, 1). The filterx(k
Proof. With matrices T and N satisfying (3), we reformulate the system dynamics to be x(k + 1) = TAx(k) + Ny(k + 1). Define the state estimation error e(k) = x(k) −x(k). Therefore, we have the error dynamics
With a sequence of matrices
By applying the Schur complement lemma with W(k) ≻ 0, we thus obtain (31).
Since the zonotope reduction operator ↓ ,W (·) is used in the proposed zonotopic fault estimation filter, we also introduce the following lemma to describe the boundedness of the use of ↓ ,W (·). 
From the structure of the proposed zonotopic fault estimation filter in Theorem 2, due to that ⟨c f (k), H f (k)⟩ is a linear projection of ⟨c(k), H(k)⟩, ∀k ∈ ℕ, the filter dynamics is bounded by ⟨c(k), H(k)⟩ as defined in (18) . Based on presented results above, we now discuss the boundedness of zonotopic fault estimation for descriptor systems in the following theorem.
Theorem 4. (Boundedness of zonotopic fault estimation) Consider the zonotopic fault estimation filter ⟨c f (k), H f (k)⟩ in (20) with ⟨c(k), H(k)⟩ in (18) and the optimal filter gain G
* (k) in (24), W(k) = W(k) ⊤ ≻ 0, ∀k ∈ ℕ
, and ∈ (0, 1) satisfying (31). If there exists a bounded sequence
and when k → ∞,̄is the upper bound of (k), then the F W -radius of ⟨c(k), H(k)⟩ is bounded by
F,W(∞) is given by
Proof. Considering H(k + 1) and the optimal filter gain G * (k), the F W -radius of ⟨c(k + 1), H(k + 1)⟩ is expressed as
F,W(k+1)
.
Since the optimal filter gain G * (k) is obtained by minimizing ‖H(k + 1)‖ 2 F,W(k+1) with independence of W(k + 1), we thus have
Then, considering the boundedness in (33), from above inequality, we obtain a sufficient condition
Based on Proposition 1, with W(k) = W(k) ⊤ ≻ 0, ∀k ∈ ℕ, and ∈ (0, 1) satisfying (31), (TA − G(k)C) is -stable. By applying the Schur complement to (31), we obtain W(k)
H(k) ≠ 0 and by the linearity of the operator tr(·), we have
By the F W -radius definition, we obtain
. Therefore, with (36), we have
Based on the condition (32) in Lemma 1, we obtain
Thus, with̄= , we obtain (34). Considering ∈ (0, 1),̄∈ (0, 1) can also hold. Besides, when k → ∞, with the upper bound (∞) =̄, (34) becomes
According to Theorem 4, the boundedness of the state bounding zonotope ⟨c(k), H(k)⟩, ∀k ∈ ℕ, defined in (18) is provided by the boundedness condition. As a conclusion, ultimate boundedness of the proposed zonotopic fault estimation is obtained.
SIMULATION RESULTS
In this section, we first use a numerical example to show some comparison results for testing the performance of the proposed approach with the designed optimal filter gain. Then, the simulation of the machine infinite bus system used in the works of Koenig 17 and Wang et al 18 provides an insight on potential applications of the proposed approach.
A numerical example
Consider a discrete-time descriptor system modeled by (1) with system matrices as follows: Therefore, the time-varying matrixḠ * (k) can be obtained following (26)- (28) and we can find the optimal filter gain G * (k) in (24) . Besides, as a comparison, according to Remark 3, by satisfying (30), we also obtain a stabilizing filter 
Consider the actuator faults are in the following scenarios:
As a result, the simulation has been carried out for N s = 200 sampling steps and the robust fault estimation results are shown in Figure 1 with G * (k) and G. Note that due to 1 = 1 and 2 = 1, there is one-step delay in the estimation of the faults f 1 and f 2 . In the figures, for allowing a better comparison, we plot the real faults delayed one sample, f i (k − 1) with i = 1, 2. Using the proposed zonotopic fault estimation filter, the punctual values of estimated faults are obtained altogether with the worst-case bounds of estimated faults that are also found in the estimation intervals under the assumption of unknown-but-bounded disturbances and measurement noise in given zonotopes. The actual faults in red dashed lines are bounded by estimation intervals with G * (k) and G. From Figure 1 , it is obvious that the bounds obtained with G are larger than the ones obtained with G * (k). For the comparison of the performance with G * (k) and G, the mean square error (MSE) between the actual faults and estimation faults (centers of fault estimation zonotopes) is computed by
and the root mean squared (RMS) value of rs(H f (k))) for k = 1, … , N s is computed, which is denoted by RMS(rs(H f )).
The computation result is shown in Table 1 . From the MSE results, the one obtained with G * (k) is close to zero and smaller than the other, which means that the estimation results with the optimal filter gain are more accurate than the ones obtained with the stabilizing filter gain G. Since the estimation errors of faults are bounded in the zonotopes, the obtained bounds with G are larger and the RMS result provides that the one with G is larger than the other.
The machine infinite bus system
Consider a machine infinite bus system used in the work of Koenig 17 and its linear continuous-time system with parameters described in the work of Wang et al 18 as follows: 
We use the Euler discretization method with the sampling time Δt = 0.05 seconds to obtain the discrete-time descriptor model in the form of (1) with system matrices as follows: 
and we obtain two nonempty matrices T and N satisfying (3) and the matrix T is also nonsingular as follows: The simulation has been carried out for N s = 200 sampling time steps and the simulation results are shown in Figure 2 . Because of the fault detectability indices 1 = 2 = 3 = 2, the fault f (k) occurred at time k will be estimated in two samples. For different time-varying actuator faults, all the estimated results provide the satisfactory results including the punctual values and the worst-case bounds. By minimizing the size of the filter zonotope bounding all the uncertainties and propagated estimation errors, the obtained optimal filter gain G * (k) reduces the estimation errors. Furthermore, during the propagations, the obtained fault estimation intervals (centers of fault estimation zonotopes and the worst-case bounds) are bounded.
CONCLUSION
In this paper, we have proposed a zonotopic fault estimation filter for discrete-time descriptor systems subject to unknown-but-bounded disturbances and measurement noise in given zonotopes. To achieve the robustness against system uncertainties and identification of occurred actuator faults, the filter gain has been formulated in a parameterized form, and under the zonotopic Kalman filter framework, the optimal filter gain can be computed. With this optimal filter gain, the proposed approach guarantees that the size of the fault estimation bounds is the smallest that can be obtained with the considered bounds of disturbances and measurement noise. Then, boundedness of the zonotopic fault estimation has been proved. Thus, the size of obtained fault estimation bounds is not growing in time. Finally, the proposed approach has been tested in two simulations. In the first simulation, the comparison results have been shown with a stabilizing filter gain. The obtained fault estimation result with the optimal filter gain has proved to be more accurate based on the MSE results and plots. In the second simulation, the proposed approach has been tested with the machine infinite bus system from which the results have shown its effectiveness. Besides, the assumed rank condition from the R-observability of descriptor systems may lead to restrictiveness. However, this condition does not mean that all the states of descriptor systems are directly measured. As future research, a more relaxed rank condition together with different fault estimation conditions will be considered and the proposed fault estimation approach could also be linked with set-based fault isolation.
